I. Introduction c apacitive micromachined ultrasonic transducers (cmUTs) are wideband transducers [1] with very low loss. because individual cmUT cells are small, in practice many of them are connected in parallel to form larger transducers. crosstalk between the cells of an array has been of considerable interest [2] . The artifacts observed in the point spread function of cmUT arrays were attributed to crosstalk between the elements [3] . The spurious responses were believed to be due either to stoneley waves [4] in the interface or to lamb waves [5] in the substrate. scholte [6] waves traveling in the interface between the array surface and the immersion medium were also held responsible. Using finite element models and optical displacement measurements, acoustic coupling through the fluid medium was found to be the major source of crosscoupling between the elements [2] . dummy elements on the substrate or reflections from the edges of the substrate also introduced unwanted responses [4] .
Eccardt et al. [7] described a dispersive surface wave on cmUT arrays by considering infinitesimally small cmUT cells. They derived an analytical expression that defines the phase velocity of the surface waves as a function of frequency. analysis of infinitely large cmUT arrays was carried out using an impedance matrix and the Fourier transform method [8] . The results indicated the presence of parasitic surface waves, which may be damped by resistors in series with each cmUT cell. a spectral finite element analysis/boundary element method was used to predict the response of infinite quasi-periodic cmUT structures for the purpose of finding dispersion characteristics of possible parasitic waves like leaky rayleigh, stoneley-scholte, and lamb waves [9] . The method predicted the presence of a slow dispersive wave at low frequencies caused by cross-talk between the cells with a cut-off frequency determined by cell pitch. This spurious surface wave was used as a sensor of fluid viscosity [10] .
The acoustic mutual coupling between the cells and the response of a single cell were combined in a small-signal model to simulate the response of five cmUT cells using a piston radiator assumption, indicating an uneven response [11] . a small-signal analytical method covering a selected number of higher order plate modes was implemented to predict the response of a group of cmUTs [12] . The number of unknowns is equal to the number of cells multiplied by the number of cmUT plate modes. The mutual impedance between the cells was calculated numerically from the rayleigh integral. limited by the computation time, the mutual impedance was ignored beyond a relatively small radius. The method was able to predict coupling between different plate modes in a seven-cell cmUT configuration. The response of a cmUT array containing 1280 cells was also computed, indicating sharp peaks in the low-frequency response [13] .
In this paper, we first present a computationally efficient method to simulate large cmUT elements or arrays containing thousands of cells. We employ a small-signal equivalent circuit of an individual cell modeling only the lowest order mode of the cmUT plate, hence the number of unknowns is equal to just the number of cells. The mutual radiation impedances in the immersion medium between all cells are included using an analytical approximation. our method is accurate at low frequencies when the coupling between the cells is strong, but it does not predict the response at high frequencies where the higher order modes are excited. We show that the spurious resonances observed at low frequencies are due to rayleigh-bloch waves excited on the surface of the elements or arrays.
II. single cmUT cell in Immersion let us consider a circular full-electrode single cmUT cell as shown in Fig. 1 .
The immersed cmUT can be represented by an electrical equivalent circuit [14] as shown in Fig. 2 linear circuit only models the lowest order vibrational mode of the cmUT plate under small-signal regime; it does not predict the response at higher frequencies where higher order modes may be excited or for large signals where harmonics will be generated. The parameters of the circuit model are defined in the appendix for completeness. a series resistor, R a , is inserted in the mechanical side to take care of the mechanical loss.
III. response of an array of N cells consider an array of m elements, each containing n identical cmUT cells, with a total of N = mn cells that are arbitrarily placed in a flat rigid baffle and are immersed in liquid. referring to Fig. 3 , the mechanical ports of the cells are connected to an N-port represented by the Z matrix, which accounts for the self and mutual radiation impedances of the cells. 1 For generality, the electrical port of each cmUT cell contains a series resistor, R s . The array elements are connected to the voltage sources represented by the phasors, V in1 , V in2 , …, V inm , all with source impedances of R T .
To solve the cell velocities, v p , for p = 1, 2, …, N, we write
This set of N equations can be written in matrix form as
where V and v are column vectors of the voltages, V p , and the velocities, v p , for p = 1, 2, …, N, respectively. M(ω) is an N × N square matrix with the entries defined as in (1) . With i being defined as an N × 1 column vector of currents i 1 , i 2 , …, i N , we write
If V E is an N × 1 column vector of element voltages with appropriate entries equal to V E1 , V E2 , …, or V Em , we have
Finally, we express V in , an N × 1 column vector of drive voltages with corresponding entries equal to V in1 , V in2 , …, or V inm , as
where J is an N × N matrix, which contains m all-ones matrices (n × n each) along its diagonal to add the currents of the cells appropriately. combining the matrix equations (2)- (5), we reach
where the I is an N × N identity matrix. Hence, the cell velocities, v, can be found at ω by the inversion of the N × N Ψ(ω) matrix. For an 80 × 240 array with 48 elements (m = 48, n = 400), the Ψ matrix of 19 200 × 19 200 needs to be inverted. If a symmetry exists, the size of the matrix can be reduced. once the velocities of the individual cells, v, have been found, the input currents of elements, i in1 , i in2 , …, i inm , defined by i in column vector can be determined from (2) and (3): Hence, the absolute acoustic power output, P out , delivered to the liquid medium can be found as the power input minus the power dissipated on resistors R a , R T , and R s as follows:
We developed a matlab (The mathWorks Inc., natick, ma) code utilizing array operations to make use of multicore processors. The code is optimized so that matrix inversion determines the execution time, while the matrixfill time is a small fraction. It is verified with the results of our earlier simulations [15] which used a harmonic balance simulator. In all simulations that follow, the cell dimensions are adjusted so that they have a collapse voltage of V c = 55 V under 1 atm = 101.3 kPa pressure and a single-cell resonance frequency of 1.4 mHz in water. The elements are driven by a sinusoidal unit voltage source of R T = 50 Ω resistance with R s = 0, and cmUT cells are biased with V dc = 50 V. 2 
A. Single-Array Element Simulations
The cells of dimensions a = 30 μm, t m = 0.94 μm, and t ge = 358 nm are placed in a rectangular grid of 96 × 5 in a single element with a cell-to-cell separation of s = 3 μm. Initially, the mechanical loss resistor, R a , is assumed to be zero. The solid curve in Fig. 4 shows the acoustic power output calculated from (9) as a function of frequency. note the presence of spurious resonances for frequencies lower than 1.6 mHz.
losses present in the cmUT cells can cause the spurious resonances to disappear [8] . The loss can be introduced by adding a series resistor to each cell [16] (R s ) or by adding a lossy layer on top of the cmUT cells [17] at the mechanical side. The effect of the mechanical loss can be investigated by using a nonzero value for R a . 3 The dashed curve in Fig. 4 presents the calculated power output of the same element, with R A = R a /ρ 0 c 0 πa 2 = 0.03 resulting in about 0.6 db reduction in the output power. The calculated curves are similar to experimentally measured responses of arrays [4] , [18] , [19] . This damping gets rid of the high-Q resonances, but remnants of some resonances are still there.
We note that it is relatively difficult to introduce a loss in the electrical side. because the individual cmUTs have high electrical impedance, a series resistor (R s ) for each cell on the order of 100 kΩ is necessary to introduce a significant loss. Fig. 5 shows the layout of a cmUT element with 18 × 16 hexagonally packed cells. The devices were fabricated [20] with a low-temperature surface micromachining technology utilizing a cr sacrificial layer and si 3 n 4 deposition by a plasma-enhanced chemical vapor deposition system. The electrical impedance measurements are carried out using a 50-Ω network analyzer. Fig. 6 depicts a comparison of calculated and measured conductances 4 of the element under different bias voltages. The spurious resonance frequencies are predicted very well, verifying the validity of the model.
B. Array Simulations
We simulate a 1-d linear array with 48 elements made up of cells with a = 36.3 μm. 5 Each element contains 80 × 5 rectangularly placed cells with a separation of s = 3 μm. Elements are driven at 0.70 mHz by linearly increasing delays of 0, 1/8, 2/8, …, 47/8 μs (Δ = 1/8 μs) to simulate a case where the beam is steered at an angle of θ = 30° with respect to the normal. The calculated cell velocity distribution is shown in Fig. 7 as a grayscale map demonstrating uneven velocities within the elements and the array. The electrical conductances of the elements are also shown in the same figure, indicating a large variation between the elements.
next, we simulate another 1-d linear array with sixtyfour elements made up of cells with 26% larger cells: a = 45.7 μm. 6 The elements are driven by equal voltages with linearly increasing delays: 0, 1/8, 2/8, …, 63/8 μs (Δ = 1/8 μs). The velocity magnitudes of individual cells obtained from (6) with R A = 0.03 are shown in Fig. 8 at different frequencies showing a considerable nonuniformity in cell velocities. 7 Fig. 9 shows the plots of the velocity distribution along selected columns of the same array at the same frequencies, quantitatively depicting the uneven velocity distribution. note that the nature of nonuniformity is different at 2 mHz, where the velocity fluctuation is minimal within a column, but substantial among different columns of the same element.
IV. normalized Velocity Fluctuation
To compactly quantify the amount of fluctuation in the velocities, we define a normalized velocity fluctuation, v, within the array using the absolute value of the deviation from the average velocity as a function of frequency: where v f ( ) is the average velocity amplitude within the array of N cells at frequency f, and normalization factor v max is the average velocity at the center frequency. v = 0 means that all cells move with the equal amplitude within the array, whereas a nonzero value of v imply a variation in the velocities of cells within the array. Fig. 10 shows calculated values of v of the array of section III-b as a function of frequency. The spurious resonances are seen as peaks in the graph. The same graph also shows v while the acoustic loss is increased. a higher acoustic loss reduces the fluctuation as expected. Fig. 11 is a similar graph when the delays between the excitations of neighboring elements are varied. as the delay, Δ, is increased (resulting in a higher steering angle, θ), the fluctuation increases, especially at frequencies higher than the resonant frequency of the single cell. The lowest fluctuation occurs when all elements are excited with the same voltage.
To see the effect of cmUT cell parameters on the v performance, we simulated two more arrays with larger and thicker plates with the same resonance frequency Fig. 13 shows v for this array of the same overall size. as the cmUT cells are made larger, v is considerably reduced. For comparison, the acoustic power outputs of the three arrays are plotted in Fig. 14 as a function of frequency. note that the power output of the array with largest cells is 11 db higher than that with the smallest cells at the center frequency because of a better impedance match at the expense of reduced bandwidth. 
V. dispersive rayleigh-bloch Waves
It is known that periodically placed resonators support surface waves known as rayleigh-bloch (r-b) waves [21] . linton and mcIver [22] showed that these waves can exist along the surface of periodic structures in the absence of any incident waves. It was pointed out that r-b waves can exist on the cmUT-fluid interface [8] . These waves exist along the periodic structure surface with no leakage into the surrounding medium, because their phase velocity is slower than that of a bulk wave in the liquid medium. The dispersive surface wave detected on the surface of infinite cmUT structures [9] is the r-b wave.
To find the characteristics of the possible r-b waves, we follow the approach of collin [23] and consider an infinite element of cmUT cells with no mechanical loss. as an example, we consider two infinite rows of cmUT cells as shown in Fig. 15 For the purpose of numerical evaluation, the upper limit of the infinite summation in (12) is taken as N such that Nd > 40λ = 40ω/c 0 (with λ defined at the frequency of single cell resonance). In Fig. 16(a) , we plot the dispersion curve for the cmUT element of Fig. 15 , composed of cells with a = 30 μm, t m = 0.94 μm, s = 3 μm, and a single-cell resonance in water of 1.4 mHz. because of symmetry, the dispersion relation is also valid for a surface wave traveling in the opposite direction ( )
with the same phase velocity.
The dispersion relation of r-b waves given by (12) and (13) is valid for the infinite element with two rows shown in Fig. 15 , where all cells have the same amplitude. If the actual element length is not infinite, but sufficiently long, the dispersion relation is nearly the same. However, if the number of rows is different or if the element size is very small, the relation is modified. 8 If the element is of finite length, the reflections of r-b waves at the edges can create Fabry-Pérot type standing waves at distinct frequencies when the element length is an integer multiple of the wavelength. only even symmetric standing waves, shown in Fig. 9 , are possible. odd symmetric standing waves are not excited, because all cmUT cells within the element are driven equally. For an element of length D, the standing wave condition can be expressed as
In Fig. 16(a) , we also plot (14) Fig. 9 and peaks in the graph of Fig. 10 . notice that a lower but significant v exists even at frequencies higher than the cut-off frequency of r-b waves. Uneven loading of cmUT cells within an element, especially for the cells near the periphery of the element or when the neighboring elements are excited with different excitation voltages, is the reason for the nonuniformity.
The resonance frequencies can be found more accurately for a finite-size element or array by using (6) . To maximize the velocities, v, the magnitude of the determinant of Ψ must be minimal. This occurs at frequencies where the imaginary part of the determinant of Ψ is zero:
Using this method, the resonance frequencies are calculated and listed in Table I . The values agree well with Fig.  16(b) . The quality factor, Q, at a resonance, ω 0 , can be estimated from the quality factor of the determinant of Ψ around ω 0 : The dispersion curve indicates that there is a cutoff frequency (1.6 mHz in the examples) above which no r-b wave can exist. The presence of such a cutoff frequency was reported earlier from simulations [9] and experimental data [24] . our simulations show that above 1.6 mHz, although there is a nonuniformity in the cell velocities, no standing-waves exist. This cutoff frequency was not predicted by the dispersion curve of surface waves assuming infinitesimally small cmUTs [7] . The cutoff arises from the bragg condition when the cmUT cell pitch is equal to a half wavelength of the r-b wave. We note that the dispersion curve shown in Fig. 16(a) is only representative because it depends on the cmUT dimensions, the separation between the cells, etc. different cmUT geometries give rise to different dispersion curves. our circuit theory model cannot predict the excitation of stoneley, scholte, or lamb waves. It is plausible that these waves may be excited at the discontinuities of the element, such as its edges.
VI. conclusions
We are able to simulate large arrays of cmUT cells using the small-signal equivalent circuit in a computationally efficient manner. The simulation results agree well with the experimental measurements. The spurious resonances seen around the resonance frequency of a single cell can be attributed to r-b waves present on the interface between the cmUTs and the immersion medium. They are created by the mutual interactions between the cells through the mutual radiation impedance. The resulting r-b waves are highly dispersive and have a phase velocity less than the speed of sound in the immersion medium. The spurious resonances occur when an element or array dimension is an integer multiple of the r-b wavelength. at these frequencies, there is a significant cell velocity fluctuation within an element. The inherent loss of real cmUT elements, such as the loss in the polymer protection layer, can be sufficient to eliminate some resonances. Fig. 1 , the circular cmUT cell has a radius of a, a plate thickness of t m , and an effective gap height of t ge = t g + t i /ε r , where ε r is the relative permittivity of the insulator material. The component values of the smallsignal rms equivalent circuit of Fig. 2 can be expressed as [14] 
X r is the static rms displacement of the plate under a bias voltage of V dc and a static pressure of P 0 . V r and V c are the collapse voltages under vacuum and under pressure P 0 . Y 0 , σ, and ρ are, respectively, the young's modulus, Poisson ratio, and density of the plate material. ε 0 is the permittivity of free space.
B. Self-and Mutual Radiation Impedances of Circular CMUT Cells
consider an immersion liquid of density ρ 0 and sound velocity c 0 . For the rms equivalent circuit, the normalized self-radiation impedance, Z RR, of a circular cmUT cell of radius a at a wavenumber of k = ω/c 0 is given [25] in terms of its real, R RR, and imaginary, X RR, parts in (27) and (28). The normalization factor, ρ 0 c 0 πa 2 , is the radiation impedance of a piston transducer of radius a at very high frequencies. We have 
where y = 2ka. The mutual radiation impedance, Z m , between the two cells can be approximately written as [15] Z ka kd c a A ka kd kd j kd kd M ( , ) ( 
with coefficient p i values given in [15, Table II ].
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